Let O be an irreducible bounded symmetric domain and G & AutðOÞ be a discrete group of automorphisms acting without fixed points. Consider the Hermitian locally symmetric manifold X :¼ O=G. It is interesting, especially in the case when X is compact or of finite volume, to characterize compact holomorphic geodesic cycles S & X. Such characterizations can either be in algebro-geometric or differential-geometric terms. In this article we study special cases of this problem, pertaining to a situation in which S is a compact holomorphic curve, and to the case where O is a classical domain dual to the hyperquadric. In both cases we will be considering algebrogeometric characterizations in terms of tangent subspaces. Such characterizations imply differential-geometric effective pinching theorems where certain complex submanifolds S & X are proven to be totally geodesic whenever their scalar curvatures are pinched between certain computed universal constants, independent of the volume of the submanifold S. These pinching theorems are related to the gap phenomenon discussed in Mok [M3] and Eyssidieux and Mok [EM] , which in particular include the characterization of certain totally-geodesic compact holomorphic curves on quotients of the Siegel upper-half-plane.
Identify O as a subdomain of its compact dual M, by Borel Embedding. Let G o be the identity component of the automorphism group of O and K & G o be the isotropy subgroup at a point o 2 O, so that O ¼ G o =K. Write G for the identity component of the automorphism group of M and P & G for the isotropy subgroup at o. Consider the action of P on PT o ðMÞ. There are precisely r orbits O k ; 1 4 k 4 r, such that the topological closures O k form an ascending chain of subvarieties of PT o ðMÞ, with O r ¼ PT o ðMÞ. We say that a nonzero vector Z is of rank k if its projectivization belongs to O k . For the purpose of this article we will say that Z or ½Z is generic if and only if Z is of rank r. Given any Z of rank k, k < r, the closure of the G-orbit of its projectivization ½Z defines a holomorphic bundle of projective subvarieties S k ðMÞ = PT M , called the k-th characteristic bundle, where S k;o ðMÞ ¼ O k . The restrictions S k ðOÞ to O are invariant under the action of G o . Their quotients under G & G o will be denoted by S k ðX Þ. For the purpose of this article we will be concerned solely with the case of k ¼ r À 1. We call S rÀ1 ðX Þ the highest characteristic bundle. Thus, Z is generic if and only if ½Z does not lie on the highest characteristic bundle S rÀ1 ðX Þ.
For O of rank r, with respect to the Bergman metric there are precisely r equivalence classes of totally-geodesic holomorphic curves on O under the action of G o . The kth equivalence class is represented by a totally-geodesic holomorphic disk D k in O whose tangent space at each point is spanned by a vector of rank k. A totallygeodesic holomorphic curve C & X will be said to be of type k if and only if C is uniformized by a holomorphic disk in O equivalent to D k (said to be of type k) under some holomorphic isometry of O.
In [M3] and [EM] we considered compact complex submanifolds of quotients of bounded symmetric domains which are almost totally geodesic in some precise sense and asked whether such submanifolds are necessarily totally geodesic. For a (totallygeodesic) bounded symmetric subdomain D & O, we say that ðO; DÞ exhibits the gap phenomenon if any almost geodesic compact complex submanifold S on some quotient manifold X of O modeled on D must necessarily be totally-geodesic. In the special case when O is the Siegel upper-half-plane H r of rank r, we proved an effective pinching theorem which says in particular that an almost geodesic compact holomorphic curve modeled on a totally-geodesic holomorphic disk of type r is necessarily totally-geodesic. There the proof relies on interpreting the Siegel upperhalf-plane as the parameter space for variations of Hodge structures of weight 1. Using variations of Hodge structures and studying Euler characteristics, Eyssidieux [E1] introduced the notion of 0-hyperrigid and 1-hyperrigid subdomains and gave in [E1, 2] algebro-geometric characterizations of certain totally-geodesic complex submanifolds which in particular imply the gap phenomenon for ðO; DÞ for O an irreducible bounded symmetric domain and D & O a 1-hyperrigid subdomains. His results in [E1] cover the cases of ðH r ; D r Þ, ðD [E2] .
Here we solve the problem of characterizing compact totally-geodesic holomorphic curves of type r ¼ rankðOÞ in a uniform way whenever the highest characteristic bundle S rÀ1 ðX Þ is of codimension 1 in PT X . We say in this case that O is of characteristic codimension 1. For the ensuing explanation assume that X is itself compact. Let C & X be a nonsingular compact holomorphic curve andĈ be the tautological lifting of C to PT X . The highest characteristic bundle S X :¼ S rÀ1 ðX Þ & PT X is a complex-analytic subvariety of codimension 1. The intersection number S ÁĈ gives an invariant on C. We show that this invariant is always nonnegative, and is zero if and only if C is a totally-geodesic holomorphic curve of type r. This then leads to an algebro-geometric characterization of totally-geodesic compact holomorphic curves C of type r as the only compact smooth holomorphic curves for which all nonzero tangent vectors are generic (i.e., of rank r). In addition to (sub)-series of classical domains, our result also applies to the 27-dimensional exceptional domain D VI pertaining to E 7 . The latter is particularly interesting since an exceptional bounded symmetric domain cannot parametrize a nontrivial homogeneous holomorphic family of variations of Hodge structures of weight 1 [Sa] . We note also that our algebro-geometric characterization is in a sense optimal. In fact, the analogous statement fails on any other irreducible bounded symmetric domain of dimension 52.
In [M1, 2] we established a rigidity theorem for Hermitian metrics of seminegative curvature on a projective manifold X uniformized by an irreducible bounded symmetric domain of rank 52. As a consequence, any nontrivial holomorphic map f into a Hermitian manifold Z of seminegative curvature in the sense of Griffiths is necessarily an isometric immersion, totally-geodesic with respect to the Hermitian connection on Z. From the function-theoretic perspective the relevant consequence is that f is a holomorphic immersion. One motivation to study intersection theory on PT X is to study holomorphic maps for target complex manifolds Z satisfying much weaker conditions of seminegativity. For instance, if Z is uniformized by a bounded domain in some Stein manifold, then the Carathe´odory metric on Z is a continuous complex Finsler metric of seminegative curvature in the generalized sense. For the special case when X is of characteristic codimension 1, we give an an application of our result on totally-geodesic holomorphic curves to show that any nontrivial holomorphic map f : X ! Z must be generically finite.
Our results in the situation of compact holomorphic curves naturally lead to the question of algebro-geometric characterization of certain holomorphic geodesic cycles of higher dimensions. We prove a result of this nature for bounded symmetric domains O dual to the hyperquadric. O and, hence, X is endowed with a canonical quadric structure, i.e., a conformal class of nondegenerate holomorphic symmetric 2-tensors. In this case, we characterize k-dimensional totally geodesic cycles dual to hyperquadrics in terms of the nondegeneracy of the restriction of the quadric structure. The proof for k > 1 relies on the result of Kobayashi-Ochiai [KO] on the integrability of G-structures on compact Ka¨hler-Einstein manifolds modeled on irreducible Hermitian symmetric manifolds of rank > 1, together with the Hermitian metric rigidity theorem of Mok [M1] . The case of k ¼ 1 is a special case of our results of Section 2. Our results for O dual to the hyperquadric lead also to the differentialgeometric characterization of certain holomorphic geodesic cycles under some pinching conditions on their scalar curvatures. It leads to new examples of the gap phenomenon beyond those in [M3] , [EM] Consider now O as a subdomain of its compact dual M, by Borel Embedding. Write G for the identity component of the automorphism group of M and P & G for the isotropy subgroup at o. G ' G o is a complexification of G o . Consider the action of P on PT o ðMÞ. Let L be a Levi subgroup of P, which can be taken to be a complexification of K. We write 
The relations on d k can be deduced from the fact that a þ is spanned by root vectors belonging to a maximal set of strongly orthogonal positive roots with respect to some Cartan subalgebra of g lying in k C .) We note that any Z 2 T o ðSÞ of rank k is tangent to a rational curve C & S of degree k with respect to the positive generator of PicðMÞ ffi Z.
For a nonzero Z 2 T o ðOÞ of rank k we will also say that its projectivization ½Z 2 PT o ðOÞ is of rank k. In this article we will say that Z or ½Z is generic if and only if Z is of rank r. For the action of P on PT o ðMÞ it follows from the above that there are precisely r orbits O k ; 1 4 k 4 r, such that the topological closures O k form an ascending chain of subvarieties of PT o ðMÞ, with O r ¼ PT o ðMÞ. Here O k ¼ P½Z for any ½Z 2 PT o ðMÞ of rank k. Given any Z of rank k, k < r, the closure of the G-orbit of its projectivization ½Z defines a holomorphic bundle of projective subvarieties S k ðMÞ = PT M , called the kth characteristic bundle, where S k;o ðMÞ ¼ O k . The restrictions S k ðOÞ to O are invariant under the action of G o . Their quotients under G & G o will be denoted by S k ðX Þ. In this article we will be concerned solely with the case of k ¼ r À 1. We call S rÀ1 ðX Þ the highest characteristic bundle. It consists precisely of projectivizations of nongeneric vectors Z.
(1.2) Write S M for S rÀ1 ðMÞ, etc. We say that M, O and X are of characteristic codimension q, whenever S M & PT M is of codimension q. We consider henceforth, the case when q ¼ 1. Then, S M & PT M defines a divisor line bundle, to be denoted by ½S M . Let p : PT M À! M be the canonical projection and L be the tautological line bundle over PT M . We adopt the convention for the tautological line bundle so that the restriction of L to PT o ðMÞ is negative. The Picard group of PT M is a free Abelian group of rank 2, generated by L and p Ã ðOð1ÞÞ, where Oð1Þ denotes the positive generator of PicðMÞ.
Let m be the degree S M;o as a subvariety of PT o ðMÞ. Then L m ½S M is a holomorphic line bundle which is trivial on every fiber of p :
Þ whose zero set is precisely S M , of multiplicity 1. s is equivalent to a holomorphic section s 2 GðM; S m T Ã M Oð'ÞÞ, i.e., a twisted symmetric holomorphic covariant tensor. Let r: G 0 ! G be the universal cover of the simple Lie group G. The action of G on PT M lifts in an obvious way to the action of G 0 . Both S m T Ã M and p Ã Oð'Þ are homogeneous vector bundles on M, so that there is a well-defined holomorphic action of
be a nonzero multiple of s. We write
Since G 0 is simple we conclude that c is trivial, i.e., s is a G 0 -invariant section. Recall that S & M denotes a polysphere of maximal dimension, isomorphic to P r 1 , r ¼ rankðMÞ, as given by the Polysphere Theorem. S has the homological property that each P 1 factor represents the positive generator of H 2 ðM; ZÞ ffi Z. Furthermore, it is totally geodesic with respect to some canonical Ka¨hler metric g c defining a Hermitian symmetric structure on M. We write G c for the identity component of the isometry group of ðM; g c Þ. Recall that Z ðkÞ ¼ ð1; . . . ; 1; 0; . . . ; 0Þ, with precisely the first k entries equal to 1, with respect to coordinates given by S ffi P r 1 . Then Z ðkÞ is tangent to a rational curve C k of degree k in M totally geodesic with respect to g c . For k ¼ r we obtain a totally-geodesic rational curve C r such that the holomorphic tangent space at each point is generated by a generic vector. This means that the tautological liftingĈ r is disjoint from the highest characteristic bundle S M .
We now measure the holomorphic section s 2 GðPT M ; L Àm p Ã Oð'ÞÞ by the Hermitian metric induced by g c , denoting the pointwise norms by jjsjj c . The Hermitian metric on the tautological line bundle L induced by g c will be denoted byĝ c , while the induced Hermitian metric on Oð1Þ will be denoted by h c . Here the choice of g c induces a Hermitian metric on the anticanonical line bundle K In particular, once m, the degree of S M;o in PT o ðMÞ, is known, ' is completely determined by restricting to a totally-geodesic holomorphic curve in ðM; g c Þ of maximal degree.
(1.3) We are now ready to formulate the characterization of compact totally-geodesic holomorphic curves of maximal Gaussian curvature on quotients of bounded symmetric domains of characteristic codimension 1. Such bounded symmetric domains abound. We state here without proof a complete listing of these domains which follows by a case-by-case checking from the classification of irreducible bounded symmetric domains. PROPOSITION 1. Let O be an irreducible bounded symmetric domain of rank r > 1.
Then O is of characteristic codimension qðOÞ ¼ 1 if and only if it belongs to one of the following classes:
ð1Þ O of Type I m;n with m ¼ n > 1; ð2Þ O of Type II n with n even; n 5 4; ð3Þ O of type III n ; n 5 2; ð4Þ O of Type IV n ; n 5 3; or ð5Þ O of Type VI ðthe 27-dimensional exceptional domain pertaining to E 7 Þ.
Here Case (3) consists of bounded symmetric domains biholomorphic to the Siegel upper-half-plane via the Cayley transform. Case (4) consists of domains dual to the hyperquadric Q n ; n 5 3. A description of the corresponding hypersurface S o & PT o ðOÞ will be given in the proof of Proposition 3 in (2.2).
Characterization of Totally-Geodesic Holomorphic Curves of Maximal
Gaussian Curvature in the Case of Characteristic Codimension 1 (2.1) Recall that O is an irreducible bounded symmetric domain of rank r 5 2 and of characteristic codimension 1, embedded into its compact dual M, by Borel Embedding. Let g o be a canonical metric on O, and g c be a canonical metric on M, so that ððO; g o Þ; ðM; g c ÞÞ constitutes a dual pair of Riemannian symmetric spaces. Thus, G o is a noncompact real form of G, G c is a compact real form of G, and g o j T o ðOÞ agrees with g c j T o ðMÞ , so that K acts as a group of holomorphic isometries both on O and on the compact dual M. The canonical metric g o on O induces a canonical Hermitian metriĉ g o on Lj O . For the holomorphic line bundle Oð1Þ, to avoid confusion we denote its restriction to O by E.
For k ¼ r we have the dual relation about Chern forms on the tautological liftingD r , as follows:
The latter identity is related to the dual case of C r as follows.
and dual to H c ffi PSUð2Þ. In both identities the closed (1,1) forms are invariant under H o resp. H c so that it suffices to check at the origin o. Let t c : C r ! PT M j C r be the holomorphic section which defines the tautological lifting, and denote its restriction to D r by t o . Then, t For irreducible bounded symmetric domains of rank r 5 2 and characteristic codimension 1 as given in the listing in (1.3), Proposition 1, we prove the following theorem on characterizing compact totally-geodesic holomorphic curves of type r. THEOREM 1. Let O be an irreducible bounded symmetric domain of rank r 5 2 and of characteristic codimension 1. Let G be a torsion-free discrete group of biholomorphic automorphisms of O, and write X :¼ O=G: Let C & X be a compact smooth holomorphic curve such that for any x 2 C, the holomorphic tangent space T x ðCÞ is spanned by a generic tangent vector. Then, C is totally geodesic in X.
Proof. Replacing G by some subgroup of finite index, we may assume without loss of generality that the homogeneous holomorphic line bundle E dual to Oð1Þ on M descends to a holomorphic line bundle on X. (This assumption is just for convenience in notations.) We will denote the Hermitian holomorphic line bundles obtained by descent by the same notations ðL;ĝ o Þ resp. ðE; h o Þ on PT X resp. X, etc. LetĈ be the tautological lifting of C to PT X . From the assumption, for any x 2 C, T x ðCÞ ¼ CZ for some generic tangent vector Z, so thatĈ \ S X ¼ ;. Thus, by the Poincare´-Lelong equation we have
Restricting to the compact holomorphic curveĈ satisfyingĈ \ S X ¼ ;, and integrating overĈ, we have ZĈ
which is the same as
For convenience we normalize our choice of canonical metric g o (a constant multiple of the Bergman metric) to be such that the Gaussian curvature of ðD r ; g o jD r Þ is identically À1. Denote by R the curvature tensor of ðO; g o Þ. We note that for any Z 2 T o ðSÞ & T o ðOÞ of unit length,
with equality if and only if
. This is precisely the case if and only if Z is tangent to some totally-geodesic holomorphic disk of type k.
We denote by o the Ka¨hler form of ðO; g o Þ and also the induced Ka¨hler form on X. Any local holomorphic curve on ðX; g o Þ is of strictly negative Gaussian curvature. In the integral identity on C, we can write the first term as Àmk C o, where k C denotes the Gaussian curvature of ðX o ; g o Þ, and the second term as Àco for some c > 0. Thus
The positive constant c is uniquely determined by the fact that Àmk D r c; i.e., c ¼ m under our normalization. By the Gauss equation for submanifolds, for any x 2 X, we have k C ðxÞ ¼ R Z ZZ Z À jjsðxÞjj 2 where Z 2 T x ðCÞ is of unit length, S denotes the second fundamental form of C in X, jj Á jj denotes the norm induced by g o . As remarked, R Z ZZ Z 4 À 1, so that k C 4 À1. Plugging in (4) we see immediately that
unless k C À1, and the second fundamental form s vanishes identically on C, i.e., unless C is a totally-geodesic holomorphic curve of type r. The following proposition shows that Theorem 1 is in a sense optimal. PROPOSITION 2. Let O be an irreducible bounded symmetric domain of dimension 52 other than those listed in Proposition 1. Then, there exists a torsion-free discrete subgroup G of biholomorphic automorphisms of O such that on the quotient manifold X :¼ O=G, there is a nongeodesic compact smooth holomorphic curve C & X whose tangent spaces are spanned by generic vectors.
Proof. When O is of rank 1, i.e., biholomorphic to the unit ball B n in C n , any nonzero tangent vector is of rank 1 and, hence, generic. Thus, for n 5 2 and for any choice of G, any nongeodesic compact smooth holomorphic curve C & X :¼ O=G gives an example as desired. For O of rank 5 2 and of characteristic codimension 52, from the listing as given in (1.3) Proposition 1, we have the following possible cases:
(1) O is of Type I m;n with m > n > 1; (2) O is of Type II n with n odd, n 5 5; (3) O is of Type V, pertaining to E 6 .
In Case (1), in standard notations O ¼ D I m;n , and there exists a totally-geodesic com-
, m À n þ 1 5 2, and such that all nonzero vectors tangent to D are generic, i.e., of rank n. We may choose the torsion-free discrete subgroup G & AutðOÞ to be such that each g 2 G fixes D as a set, and that the restrictions gj D gives a discrete subgroup of the form G 1 Â G 2 ÂÁ Á Á Â G nÀ1 Â G n , where each G i & AutðDÞ; 14 i 4 n À 1; and G n & AutðB nÀmþ1 Þ are torsion-free cocompact discrete subgroups. We are in fact free to choose G i , 14 i 4 n with the latter property. Choose now any G n and let
=G n be a nongeodesic compact smooth holomorphic curve. Choose now
=G n contains a copy of C n o , whose diagonal C is an example of a nongeodesic smooth compact holomorphic curve whose tangent space at each point is generated by a generic vector.
In general, for an irreduible bounded symmetric domain O of rank r 5 2, there exists a (totally-geodesic) bounded symmetric subdomain
, where s is the dimension of rank-1 boundary components of O (cf. [W] ). By the same proof as in [M1, Chapter 6, Proposition 4, , s is the same as the codimension q of S rÀ1;o ¼ S o in PT o ðOÞ. Thus the preceding argument yields examples of curves C & O=G with the desired properties whenever q ¼ s > 1. We note from [W] 
In the proof of Theorem 1, where ½S ffi L Àm p Ã E ' , the precise values of the positive integers m and ' were unimportant. There we derived the curvature inequality k C 4 À1 on Gauss curvatures and showed that it is sharp if and only if C is totally geodesic and of type r ¼ rankðOÞ. We have formulated the proof to show that the inequality, which is local, and its sharpness follow by duality from the existence of totally-geodesic (rational) curves of degree r on the compact dual M of O. Nonetheless, it is interesting to note the following uniform description of ½S, which involves case-by-case checking.
PROPOSITION 3. Let O be an irreducible bounded symmetric domain of rank r 5 2 and of characteristic codimension 1. Let G be a torsion-free discrete group of biholomorphic automorphisms O of X :¼ O=G: Assume furthermore, that the negative Hermitian holomorphic line bundle ðE; h o Þ on O, which is dual to ðOð1Þ; h c Þ on M, descends to X ðwhich is always the case at the expense of passing to a subgroup of finite index of GÞ. Let S & PT X be the highest characteristic bundle on X. Denote by L the tautological line bundle on PT X . Then, the divisor line bundle ½S on PT X is isomorphic to the holomorphic line bundle L Àr p Ã E 2 . Proof. From the proof of Theorem 1 and in the notations used there it remains to prove that S o & PT o ðOÞ is of degree m exactly equal to the rank r of O, and that ' ¼ 2. We use the complete listing of cases as given in Proposition 1. For Case (4), S o & PT o ðOÞ corresponds to the zero locus of a nondegenerate symmetric bilinear form on T o ðOÞ. It is, hence, of degree 2 equal to the rank of O ¼ D IV n ; n 5 3. For Cases (1), (2) and (3), identifying T o ðOÞ as a vector space of n-by-n matrices as usual S o & PT o ðOÞ corresponds set-theoretically to the zero-locus of the determinant, which gives an element of GðPT o ðOÞ; L Àn Þ. For Case (1) consisting of Type-I domains I n;n , the determinant vanishes simply at a generic point of S o , so that the degree of S o is precisely n, which is the same as the rank r. The same is true for Case (3) consisting of Type-III domains D III n ; n 5 3, of rank n, with T o ðOÞ identified with the vector space of symmetric n-by-n matrices. In the remaining Case (2) consisting of Type-II domains D II n ; n even, of rank n=2, with T o ðOÞ identified with the vector space of skew-symmetric n-by-n matrices, the determinant vanishes to the second order at a generic point of S o . This can be seen by expressing the determinant of a skew-symmetric n-by-n matrix, n even, as the square of the Pfaffian, which itself vanishes simply at a generic point of S o . Thus, the reduced subvariety S o & PT o ðOÞ is of degree n=2 ¼ rankðOÞ.
For Case (5) 
Since C r & X is a rational curve of degree r and we have established m ¼ r, it follows from (1) that À2r þ 'r ¼ 0; i:e:; ' ¼ 2;
as desired. The proof of Proposition 3 is complete. & (2.3) An immediate differential-geometric consequence of Theorem 1 is the following optimal effective pinching theorem.
THEOREM 2. Let O be an irreducible bounded symmetric domain of rank r 5 2 and of characteristic codimension 1. Let G be a torsion-free discrete group of biholomorphic automorphisms of O and write X :¼ O=G: Normalize the canonical Ka¨hler metric on O such that the Gaussian curvature of a totally-geodesic holomorphic disk of type r is equal to -1. Let C & X be a compact smooth holomorphic curve such that for any x 2 C, the Gaussian curvature KðxÞ satisfies the pinching condition
Then, C is a totally-geodesic holomorphic curve of maximal Gaussian curvature.
The proof of Theorem 2, which we omit, is obtained by a curvature computation analogous to the proof of [EM, (2. 2), Theorem 2, p. 91].
Remarks. Under our normalization the Gaussian curvature of a totally-geodesic holomorphic disk D k of type k is Àðr=kÞ. Since there exist torsion-free discrete subgroups G & AutðOÞ on which there are compact totally-geodesic holomorphic curves of type r À 1, Theorem 2 is optimal. A simple example of such a G can be obtained as follows. 
Generic Finiteness of Holomorphic Mappings onto Compact Complex Manifolds Carrying Continuous Complex Finsler Metrics of Seminegative Curvature
(3.1) Let X be a projective manifold uniformized by an irreducible bounded symmetric domain of rank 5 2. In [M1, 2] we prove that up to normalizing constants, the canonical Ka¨hler metric on X is the unique Hermitian metric of seminegative curvature in the sense of Griffiths. From this metric rigidity theorem it follows that any nontrivial holomorphic mapping f of X into a Hermitian manifold Z of seminegative curvature in the sense of Griffiths is necessarily an isometric immersion totallygeodesic with respect to the Hermitian connection on Z. One motivation to develop intersection theory on PT X is to study holomorphic maps for target complex manifolds Z satisfying much weaker conditions of seminegativity. As a consequence of Theorem 1 and [M1, 2] , we establish the following result on holomorphic mappings onto compact complex manifolds carrying continuous complex Finsler metrics of seminegative curvature. Here a complex Finsler metric is equivalently a Hermitian metric on the tautological line bundle of the projectivization PT X of the holomorphic tangent bundle T X . For a Hermitian line bundle ðL; hÞ where h is only assumed to be continuous, we say that it is of seminegative curvature if and only if for any local holomorphic basis e of L, hðe; eÞ is given by e j for some continuous plurisubharmonic function j. THEOREM 3. Let O be an irreducible bounded symmetric domain of rank r 5 2 and of characteristic codimension 1. Let G be a torsion-free cocompact discrete group of biholomorphic automorphisms of O and write X :¼ O=G: Let Z be a complex manifold carrying a continuous complex Finsler metric of seminegative curvature. Then, any nonconstant holomorphic map f : X ! Z is necessarily an immersion at a generic point.
We note that for a bounded domain D on a Stein manifold, the Carathe´odory metric is a continuous complex Finsler metric of seminegative curvature. As a consequence of Theorem 3, we have COROLLARY 1. Let O be an n-dimensional irreducible bounded symmetric domain of rank r 5 2 and of characteristic codimension 1. Let G be a torsion-free cocompact discrete group of biholomorphic automorphisms of O and write X :¼ O=G: Let Z be a compact complex manifold of dimension m < n carrying a continuous complex Finsler metric of seminegative curvature. Then, there exists no nontrivial holomorphic mapping from X into Z.
For the proof of Theorem 3 we will need the proof of Hermitian metric rigidity of Mok [M1, 2] . There are two modifications. First of all, the complex Finsler metric we have is assumed only to be continuous and of seminegative curvature in the sense of currents. Secondly, in place of integrating over the first characteristic bundle as we did in both [M1, 2] we need to consider instead the highest characteristic bundle. For the adaptation it is more convenient to make use of the later proof in [M2] For the proof of Theorem 3 we establish first of all the following rigidity result which is valid for an irreducible bounded symmetric domain O of rank 52 without any assumption on the characteristic codimension. PROPOSITION 3. Let O be an irreducible bounded symmetric domain of rank r 5 2. Let G be a torsion-free cocompact discrete group of biholomorphic automorphisms of O, X :¼ O=G: Let Z be a complex manifold which admits a continuous complex Finsler metric of seminegative curvature. Let f : X ! Z be a nonconstant holomorphic mapping. Then, for any x 2 X, and any nonzero tangent vector Z 2 T x ðX Þ of rank < r, we have dfðZÞ 6 ¼ 0.
Proof. We adapt the proof of [M2, p.113ff] . Consider first of all the case when O is of rank 2. In this case the highest characteristic bundle S is the same as the characteristic bundle used there. Denote by p : PT X ! X the canonical projection. 
where for the continuous complex Finsler metric h of seminegative curvature, Àc 1 ðL; hÞ is understood to be the closed positive ð1; 1Þ current, which is À1=2p times the curvature current. Thus, Àc 1 ðL; hÞ has coefficients which are measures. The integrand of the left-hand side of (1) is then a nonnegative measure, and Equation (1) forces the identical vanishing
Since the sum of two nonnegative log-plurisubharmonic functions remain log-plurisubharmonic,ĝ þ h is a continuous complex Finsler metric of seminegative curvature, and (2) remains valid with h replaced byĝ þ h. Write nowĝ þ h ¼ e uĝ . Then,
and (2) gives the identity ffiffiffiffiffiffi ffi À1 p @ @u^ðÀc 1 ðL;ĝÞÞ 2nÀ2qÀ1 0 on S; ð3Þ as currents. Since u is almost plurisubharmonic, @u is integrable, and coefficients of @ @u are measures. By local smoothing and partition of unity there exists a sequence ðu k Þ of smooth functions such that u k converges to u uniformly, du k converges to du in L 1 and @ @u k converges to @ @u as distributions of order 0 (i.e., their coefficients converge as measures). Write on S
Then dT k converges to dT 0 as distributions of order 0. Consider now ffiffiffiffiffiffi ffi À1
Integrating over S we conclude that
Consider now the Hermitian bilinear form B on smooth ð1; 0Þ-forms j on S given by
B is positive semi-definite. Note that Bðj; cÞ can also be defined for j of class L 1 and c smooth. From (6) we have Bð@u k ; @u k Þ ! 0. Fix any smooth ð1; 0Þ form c on S.
By the Cauchy-Schwarz inequality Bð@u k ; cÞ 2 4 Bð@u k ; @u k ÞBðc; cÞ. By (6) Bð@u k ; @u k Þ ! 0 as k ! 1. It follows that Bð@u k ; cÞ ! 0 as k ! 1. Since @u k ! @u as distributions we have Bð@u; cÞ ¼ 0 for any smooth c. For each ½a 2 S, recall that N ½a & T ½a ðSÞ. Since Àc 1 ðL;ĝÞ 5 0 and, hence, its restriction Àc 1 ðL;ĝÞj S 5 0 is closed, the assignment ½a 7 ! Re N ½a defines a smooth integrable distribution on S of real rank 2q whose integral leaves are q-dimensional complex submanifolds. The fact that Bð@u; cÞ ¼ 0 for any smooth c means that @u, regarded as an L 1 section of HomðTðX Þ; CÞ, vanishes almost everywhere on the subbundle N . It follows that the continuous function u is constant on almost every local leaf and, hence, on every leaf of N .
The leaves of N can be described as follows. For any ½Z 2 PT o ðOÞ let Recall that the continuous function u is constant on every leaf of N on S. Note that SðOÞ & PTðOÞ is homogeneous under the action of G o ¼ Aut o ðOÞ. Write SðOÞ ¼ G o =K ½a for K ½a & K the isotropy subgroup of any ½a 2 S o . Then, S ¼ GnG o =K ½a . Lift u to a continuous functionû on GnG o . Then,û is invariant under multiplication on the right by elements of H, which is noncompact. By Moore's Ergodicity Theorem,û is constant on GnG o , hence u is constant on S. Let now y be a continuous complex Finsler metric on Z of seminegative curvature, and h be f Ã y. h is possibly degenerate but the preceding discussion still applies tô g þ h ¼ e uĝ . Now uð½aÞ ¼ 1 if and only if hð½aÞ ¼ 0, i.e., dfðaÞ ¼ 0. Since u is constant on S, dfða o Þ ¼ 0 for some ½a o 2 S implies dfðaÞ ¼ 0 for any ½a 2 S. As S x & PT x ðX Þ is linearly nondegenerate at every point x 2 X, we conclude that df 0, i.e., f is a constant mapping, contradicting the hypothesis. This proves Proposition 3 for the case of rank 2.
We now adapt the proof to the case of rank r > 2. Let now S ¼ S rÀ1 be the highest characteristic bundle. We use the same integral formula as (1), with q denoting the characteristic codimension of O. For r > 2, S x & PT x ðX Þ is singular and the integration is performed over the smooth part RegðSÞ of S. The formula (1) concerns integrals of restrictions of smooth forms on PTðX Þ, and Stokes' Theorem can be justified by passing to a desingularization r :Ŝ ! S & PTðX Þ and pulling back smooth differential forms on PTðX Þ. The same argument as in the case of rank 2 shows that for u defined bŷ g þ f Ã y ¼ e uĝ , u is constant on the G o -orbit of any ½g 2 RegðSÞ. We note however, that for r > 2; RegðSÞ is not homogeneous under the action of We are now ready to apply Proposition 3 to the special case of characteristic codimension 1.
Proof of Theorem 3. Let now X ¼ O=G where O is of characteristic codimension 1 with G torsion-free and cocompact, and f : X ! Z be a nonconstant holomorphic mapping into a complex manifold Z equipped with a continuous complex Finsler metric y of seminegative curvature (in the generalized sense). Suppose f : X ! Z is of maximal rank < dim C X. Then, for a generic point y of fðX Þ :¼ Y, the fiber f À1 ðyÞ is a smooth p-dimensional manifold for some p 5 1, p ¼ dim C X À dim C Y. By Proposition 3, dfðgÞ 6 ¼ 0 for any nonzero tangent vector g, ½g 2 S. For x 2 X, let F x be the fiber f À1 ð fðxÞÞ. For x 2 X generic, PT x ðF x Þ ffi P pÀ1 must be disjoint from
k & X is a compact totally-geodesic holomorphic curve of type r. For such a compact holomorphic curve the normal bundle N F x k jX is strictly negative. Varying x we obtain positive-dimensional holomorphic families of such compact holomorphic curves. On the other hand, since N F x k jX is strictly negative, F x k & X is an exceptional curve, and must be the unique compact holomorphic curve on some tubular neighborhood U of F x k in X, a plain contradiction. This means that f : X ! Z must be of maximal rank ¼ dim C X at some point, i.e., f is a holomorphic immersion at a generic point, as desired. &
Characterization of Certain Totally-Geodesic Submanifolds of Bounded Symmetric Domains Dual to the Hyperquadric in Terms of Quadric Structures
(4.1) For the bounded symmetric domains O of Type IV n , n 5 3, dual to hyperquadrics, there is on O an invariant quadric structure, i.e., an invariant holomorphic nondegenerate symmetric 2-tensor with twisted coefficients. Theorem 1 in the special case of Type-IV domains says that compact totally-geodesic holomorphic curves of maximal Gaussian curvature on quotients of O are characterized by the nondegeneracy of the restriction of the canonical quadric structure. This leads naturally to the question of characterizing higher-dimensional totally-geodesic complex submanifolds in terms of restrictions of the quadric structure. We answer this in the affirmative, using for higher-dimensional submanifolds results from Hermitian metric rigidity of [M1, 2] and from the characterization of compact Ka¨hler-Einstein manifolds with G-structures modeled on irreducible bounded symmetric domains of rank 5 2 by Kobayashi and Ochiai [KO] . We prove THEOREM 4. Let D IV n ; n 5 3, be the irreducible bounded symmetric domain dual to the hyperquadric Q n ; n 5 3. Let G be a torsion-free discrete group of biholomorphic automorphisms of D IV n and write X :¼ D IV n =G: Let S & X be a compact complex submanifold of any dimension d, 1 4 d < n, such that for any x 2 C, the restriction of the canonical quadric structure on D IV n is nondegenerate. Then, S is totally geodesic in X. Proof. For the canonical quadric structure Q on X, and for any nonzero vector Z 2 T x ðX Þ, x 2 X, QðZ; ZÞ ¼ 0 if and only if ½Z 2 S x . Hence, for S & X of dimension d ¼ 1, Qj S is nondegenerate if and only ifŜ \ S ¼ f, so that S & X is a totallygeodesic holomorphic curve of type 2, by Theorem 1. For d 5 2 we will make use of Ka¨hler-Einstein metrics and quadric structures. Any complex submanifold S & X has ample canonical bundle, so that there must exist a Ka¨hler-Einstein metric h of negative Ricci curvature, by Aubin [A] and Yau [Y] . Consider first the case d 5 3, in which D IV d is irreducible. By [KO] , the quadric structure Qj S on the Ka¨hler-Einstein manifold ðS; hÞ must be integrable, so that S is uniformized by D 2 is isomorphic to the bidisk. The assumption that Qj S is nondegenerate means that for any x 2 S, PT x ðSÞ \ S x consists of two distinct simple points. It follows that TðSÞ ¼ L 1 È L 2 is the direct sum of two holomorphic line bundles L 1 and L 2 . Since the Hermitian holomorphic vector bundle ðTðSÞ; hÞ is Hermitian-Einstein, the holomorphic direct sum L 1 È L 2 must also be an isometric direct sum of Hermitian holomorphic line bundles such that the direct summands L 1 ; L 2 & TðSÞ are parallel holomorphic subbundles (cf. Siu [Si, proof of Proposition (1.6), ). This gives a local de Rham decomposition of S as a product of two Riemann surfaces of constant negative Gaussian curvature, implying that S is uniformized by the bidisk D 2 . Thus, S ffi D 2 =G o for some torsion-
It remains to show that the holomorphic embedding f : 
:
The curvature tensor of the normalized canonical Ka¨hler metric g o is given by
(cf. [M2, pp. 86ff.] ). Let x ¼ P x i @=@z i and Z ¼ P Z i @=@z i be tangent vectors of type ð1; 0Þ at o 2 D IV n . Then
Write Q for the symmetric complex bilinear form on T o ðD IV n Þ given by Qðx; ZÞ ¼ P x i Z i . Up to a conformal factor Q is the canonical quadric structure at o. Write hÁ; Ái for the Hermitian inner product of D n Þ there exists a totallygeodesic d-dimensional submanifold S 0 uniformized by S 0 such that the restriction of the canonical quadric structure to S is totally degenerate. It is of scalar curvature Àðd 2 þ dÞ while any S in Theorems 4 and 5 is of scalar curvature Àd 2 . For 1 < d < n=2 the optimal lower bound of KðxÞ may be Àðd 2 þ dÞ, but our proof only shows that under the assumption Àðd 2 þ d Þ < K everywhere on S, the restriction of the canonical quadric structure to S is nowhere totally degenerate. [EM] we say that ðO; DÞ exhibits the gap phenomenon if any almost geodesic (in some precise sense) compact complex submanifold S on some quotient manifold X of O modeled on D must necessarily be totally geodesic. The simplest example of the gap phenomenon is given by O ¼ O 0 Â Á Á Á Â O 0 , and D & O the diagonal, and the proof as given in [EM] resulted from the uniqueness of Ka¨hler-Einstein metrics. Using variations of Hodge structures, Eyssidieux [E1] and [E2] 
